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ABSTRACT: The dynamics and rheology of a rigid polymer or nanorod suspended in aNewtonian, viscous
fluid under torsional flow have been studied. Our theoretical analysis predicts that rigid rods migrate in the
radial direction according to their orientational configurationwhich is controlled by the competition between
the shear flow, which tends to align the rods in the direction of flow, and Brownian motion, which tends to
randomize the orientation. Steady and transient distributions of the center-of-mass in a dilute solution are
derived from a kinetic theory and are confirmed by performing a Brownian dynamics simulation. The
migration shifts the distribution toward the axis of rotation and enhances the shear-thinning behavior of the
suspension.

Introduction

Processing of suspensions of rigid polymers and Brownian
rods, in the form of short lengths of biopolymers and nanotubes,
occurs inmany applications. Likewise, rheological testing is being
applied more widely to characterize suspensions of nanotubes,
including materials such as carbon nanotubes.1-4 Yet, the
dynamics of rigid rods remains largely unexplored even in the
simplest of systems. Consequently, the prediction of behaviors
and interpretation of measurements are significantly hindered.

For example, observations5-8 of the rheology of semidilute
suspensions of rigid rods indicate the existence of measurable
shear thinning even for experimental systems where the Peclet
number is very large. Such reductions are not predicted by
theoretical and numerical evaluations of the stress at infinite
Peclet number,9-13 indicating that the finite, though relatively
small, Brownian fluctuations may be playing a significant role
in causing the shear thinning. The shear rate dependence
observed in some specific experiments may be accounted for by
deviations of the experimental systems frommodel systems, such
as flexibility14 and adhesion between the rods.6 However, a clear
explanation of the shear thinning phenomenon is lacking.

Kinetic theory calculations presented here predict that rigid
rods suspended in rotational viscometric flows can experience a
net migration when sheared at large, but finite, values of the
Peclet number. The specific case of torsional flow, or the flow
generated between two parallel plates where one plate is rotated
relative to the other, is studied. A net migration of rods in the
radial direction arises froma coupling of the curvature of the flow
field and the mean orientation of the polymers, which is set by a
balance between the local value of the shear rate and the
Brownian rotation. The distribution of polymers gradually shifts
toward the central axis of the spinning disks and eventually
results in a distribution that is strongly concentrated near the axis
of rotation of the parallel plates. The migration reduces the
particle contribution to themeasured viscosity as compared to an
assumption that the distribution is uniform and may in part
explain the large and unexpected shear thinning in at least one set
of experiments.8

The mechanism of migration of the rigid rod is analogous to
that of the migration of a flexible polymer in a similar, inhomo-
geneous velocity field. For a flexible polymer suspended in
rotating flows in the Stokes regime, studies15-18 have shown that
flexible polymers in rotating flows migrate toward the axis of
rotation, resulting in inhomogeneous distributions. For rigid
polymers, Aubert and Tirrell (1980) and Aubert et al. (1980)
speculated that a similarmigrationwould happen for ellipsoids in
inhomogeneous velocity fields, citing a formula predicting mo-
tions of rigid ellipsoids.19,20 However, quantitative and qualita-
tive analyses of the dynamics of migration, center-of-mass
distribution, and particle stress contribution of rigid polymers
in inhomogeneous velocity fields, such as rotating flows, have not
been made.

Note that the mechanism reported here appears distinct from
other investigations of the migration of rigid spheres21-25 and
rods25 in torsional flows. These have shown that inertia and
viscoelasticity can cause radial migration. However, these effects
are beyond the limits of investigation of this work since the
Brownian rods are assumed to be suspended in aNewtonian fluid
and sheared in the limit of zero Reynolds number. The equation
of motion which considers these limits and the inhomogeneous
flow field is derived. Prediction of the steady andunsteady center-
of-mass distributions in the radial direction are made using the
equation of motion, and the particle stress contribution is
evaluated from the resulting distributions.

Center-of-Mass Distribution

We model a rigid polymer or nanorod in a torsional flow, as
illustrated in Figure 1. The suspending fluid is Newtonian, and
the Reynolds number is assumed to be sufficiently small to
neglect any inertial effects. The neutrally buoyant rod is acted
upon by hydrodynamic and Brownian forces only. Similar to
approximations made in theories for the migration of a flexible
polymer26,27 and a rigid polymer28 in rectilinear flow, steric and
hydrodynamic interactions of the rod with the boundaries are
assumed to not influence the rotation of the rod. We also ignore
the effect of hydrodynamic interactions with the boundaries for
the center-of-mass motion. The concentration of the rod in this
system is assumed to be dilute; therefore, only the motion of a*Corresponding author. E-mail: butler@che.ufl.edu.
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single rod in a torsional flow is considered. Furthermore, the
center-of-mass distribution in the angular and z-directions are
assumed to be uniform and the center-of-mass distribution in the
radial direction will be derived.

The mean evolution of a rigid rod in torsional flow, as
illustrated in Figure 1, is governed by a continuity equation for
the distribution function, Ψ(r,p,t)

DΨ
Dt

¼ -r 3 ð_rΨÞ-rp 3 ð _pΨÞ ð1Þ

where t is time, r is the center-of-mass position of a rod, and p is
the orientation or unit vector that parallels the rod’s major axis.
The center-of-mass velocity is _r, and _p is the rotational velocity or
time evolution of p. The gradient with respect to orientation can
be written as29,30

rp ¼ ðI-ppÞ 3
D
Dp

ð2Þ

where I is the identity matrix. The distribution Ψ is written as a
product of a center-of-mass, n, and orientation, ψ, distribution

Ψðr, p, tÞ ¼ nðr, tÞψðr, p, tÞ ð3Þ
where n=

R
ψ dp. The steady-state center-of-mass distribution n

is obtained by integrating eq 1 over the orientation distribution

0 ¼ r 3 ðnÆ_ræÞ ð4Þ
where the angle bracket Æ...æ indicates an ensemble average over
orientation,

R
...ψ dp.

At steady state, the orientation distribution satisfies

0 ¼ -r 3 ðn_rψÞ-nrp 3 ð _pψÞ ð5Þ
Approximating n_rψ by nÆ_ræ within eq 5 and using eq 4 gives

0 ¼ rp 3 ð _pψÞ ð6Þ
This approximation relies on the fact that the orientation
distribution of the rods equilibrates much faster than their
center-of-mass migrates and diffuses across streamlines. Though
possible to calculateψmore accurately by a process of successive
substitution,27 the approximation has been used with success to
model similar systems of elastic dumbells26,27 and rigid rods28,31

where the rate of transfer is much slower than the relaxation rate
of the end-to-end vector or orientation, respectively. The approxi-
mation has been validated in these previous works by comparing
with simulations; similarly, the results of the Brownian dynamics
simulation described in the Appendix are used to validate the use
of the approximation for this specific case as well.

Equation 6 will be solved to giveψ for use in the evaluation of
Æ_ræ. However, determining n from eq 4 first necessitates an explicit
expression for _r. Such an expression is developed in the next
section.

Drift in theRadialDirection.Figure 1 illustrates a torsional
flow, where a Newtonian fluid between two parallel disks of
equal radii R0 and separated by a gap H is sheared by
rotating the top disk with angular velocity Ω. In cylindrical
coordinates, the z-direction defines the axis of rotation and
the unit vectors R̂ and θ̂ indicate the radial and angular
directions, respectively. The origin O is located at the center
of the bottom, stationary disk.

We use the slender-body approximation32-34 to model the
motion of a rigid Brown rod of high aspect ratio A g 10 in
this flow field. Here, the aspect ratio A is defined as the ratio
of the length of the major axis, L, to the minor axis, d. The
center-of-mass velocity, _r, is given by

_r ¼ 1

L

Z L=2

-L=2

uðrþ spÞ dsþ ξ-1ðIþppÞ 3F ð7Þ

where u is the flow field, the coordinate s describes positions
along the axis such that -0.5L e s e 0.5L, and s = 0 is the
center-of-mass. The Brownian force,F , acting on the rod is
balanced by the hydrodynamic forces to give eq 7. The
leading order term in the resistance coefficient of a rigid
rod as approximated by slender-body theory is

ξ ¼ 4πμL

lnð2AÞ ð8Þ

where μ is the viscosity of the Newtonian suspending fluid.
The flow field of the torsional flow between the two

parallel plates as expressed in Cartesian coordinates and
shown in Figure 1 is

uðxÞ ¼ -
_γ0

R0
z½-yx̂þxŷ� ð9Þ

where x=(x,y,z) is a point in the flow field and the shear rate
at the edge of the disk is defined as

_γ0 ¼ _γðR0Þ ¼ Ω

H
R0 ð10Þ

For convenience, the coordinate system is defined to rotate
with the center-of-mass of the rod, with the y-direction corres-
ponding to the radial direction. As a result, the y-coordinate of
the center-of-mass is specified by the radial distance R of the
rod’s center from the axis of rotation of the torsional flow and
thex-position of the center-of-mass equals zero. The center-of-
mass is specified by r= (0,R,rz), where rz is the center of mass
coordinate in the z-direction as measured from the bottom
plate.

Using these definitions, the velocity of the torsional flow
evaluated at any point s along the centerline of the rod can be
written as

uðrþ spÞ ¼ -
_γ0

R0
ðrz þ spzÞ½-ðRþ spyÞx̂þ spxŷ� ð11Þ

where p=(px,py,pz). Hence, integrating uy, the y-component
of eq 11, along the centerline of the rod as indicated in the
first term of eq 7 gives the radial velocity of the rod

UD ¼ 1

L

Z L=2

-L=2

uyðrþ spÞ ds

¼ -
Ω

LH

Z L=2

-L=2

ðrz þ spzÞspx ds ¼ -
_γ0L

2

12R0
pxpz ð12Þ

Figure 1. Schematic diagrams of torsional flow in (A) Cartesian
coordinates and cylindrical coordinates and in views from (B) the
xy-plane and (C) the xz-plane. Unit vectors in each direction are
indicated as x̂, ŷ, ẑ, θ̂, and R̂. The Cartesian coordinates are set so that
the center-of-mass of the rigid rod is located at r = (0,R,rz).
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This is the drift velocity of the rigid rod, UD, due to the
inhomogeneous velocity field.

Equation 12 predicts the dependence of the drift on rod
orientation as shown in Figure 2. A rigid rod moves either
toward the rotational axis (R = 0) or the edge (R = R0)
depending upon the instantaneous orientation. Since the
orientation distribution of a non-Brownian, slender-body
that is tumbling in the torsional flow is symmetric about the
flow direction in the absence of interactions with the bound-
ing walls, such a rod does not experience a net migration.
Indeed, experimenters25 did not observe migration of non-
Brownian rods suspended in a Newtonian fluid undergoing
torsional flow. However, a Brownian rod has an asymmetric
orientation distribution due to the competition between the
shear flow, which tends to align the rod with the flow
direction, and Brownian motion, which tends to randomize
the orientation.35 It will be shown that the broken symmetry
of the orientation distribution produces an average angle of
small positive value, which drives a migration toward the
rotational axis as seen in Figure 2.

As long as the assumption that orientation is not affected
by the boundaries holds, the drift velocityUD depends on the
instantaneous orientation only, but not the center-of-mass
position, according to eq 12. The lack of dependence on R
arises from a cancellation of two radial effects. For rods
closer to the rotational axis (R = 0), the influence of the
rotational, or deviation from a strictly rectilinear, flow
becomes stronger. Analysis shows that if the local shear rate
is held constant regardless of position R, the drift velocity
should scale as 1/R. However, the local value of shear rate
does vary in the parallel-plate geometry asR, and since the drift
velocity is proportional to the local shear rate, the two depen-
dencies cancel. Combination of the drift (eq 12) withBrownian
displacements of the center-of-mass in the y-direction gives the
expression for the motion that will be used in solving eq 4

_R ¼ -
L2 _γ0

12R0
pxpz þ ξ-1ðŷþ pypÞ 3F ð13Þ

where _R is the y-component of _r.
Distribution at Steady State. The radial distribution at

steady state is governed by a simplified version of eq 4

0 ¼ -
1

R

D
DR

ðnRÆ _RæÞ ð14Þ

where the flux is calculated using eq 13

nÆ _R æ ¼ -n
L2 _γ0

12R0
Æpxpzæþ n

ξ
Æðŷþ pypÞ 3 ½-kBTr ln Ψ�æ ð15Þ

The Brownian force has been written as the gradient of
the potential of mean force,30 F ¼ -kBTΔ ln Ψ. Further
simplification of the second term,making use of the property
Ψ = nψ (eq 3), gives

nÆ _Ræ ¼ -n
L2 _γ0

12R0
Æpxpzæ-

kBT

ξ
ð1þ Æpy2æÞDnDRþ n

DÆpy2æ
DR

" #

ð16Þ
The net radial flux at every position R must be zero

at steady state. Consequently, setting eq 16 to zero and
rearranging gives the differential equation

D ln n

DR
¼ ÆKæþ ÆΓæ

1þ Æpy2æ
ð17Þ

where

ÆKæ ¼ -
Pe0

R0
Æpxpzæ, ÆΓæ ¼ -

DÆpy2æ
DR

ð18Þ

and Pe0 is the value of the rotary P�eclet number evaluated at
the edge of the plates

Pe0 ¼ _γ0ξL
2

12kBT
ð19Þ

Comparing the migration mechanism identified in this
theory to that of flexible polymers,17 the term ÆK æ is
analogous to the migration term for flexible polymers
which relates the migration to the inhomogeneous velocity
field of the torsional flow. The average drift term of a
flexible polymer also contains the average moments of its
end-to-end vector in the plane of shear, which represents
the balance between the spring force and the shear flow.
For a rigid rod, the averagemoment Æpxpzæ is determined by
the balance between the Brownian rotation and the shear
flow.

The term ÆΓæ is related to the gradient of the anisotropic
mobility of a rigid rod. Hence, it is similar to the so-called
anisotropic diffusivity term which causes a migration of
rigid rods in pressure-driven flow.36,37 The term ÆΓæ arises
from consideration of hydrodynamic interactions between
portions of a rod as implicitly included within the slender-
body approximation. In the analysis of flexible polymers
using the bead-springmodel,17 hydrodynamic interactions
between the beads were neglected, and no term correspond-
ing to ÆΓæ was produced for migration of flexible polymers
as a result.

Integration of eq 17 over R gives the center-of-mass
distribution in the radial direction, but the position-dependent
values of the orientation moments must be obtained by
integrating over the orientation distribution function, ψ,
from eq 6. Solving eq 6 requires the equation of motion for
the rotation of a rigid slender-body38,39

_p ¼ 12

L3
ðI-ppÞ 3

Z L=2

-L=2

suðrþ spÞ dsþ 12

ξL2
T � p ð20Þ

Figure 2. Drift UD of a rigid rod with py = 0 in a torsional flow as a
function of φ is proportional to _γ0L

2/R0. Negative velocities indicate a
drift toward the rotational axis (R = 0). Insets illustrate the relation
between the direction of the drift UD and φ.
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where T is the Brownian torque acting on the rod. Sub-
stitution of u as defined in eq 11 gives

_p ¼ _γ0

R0
Rpzðx̂-pxpÞþ 12

ξL2
T � p ð21Þ

The first term on the right-hand side corresponds to the
change of the orientation due to shear flows of rate _γ(R) =
_γ0R/R0 in the x-direction with the gradient in the z-direction.
This term indicates that the orientation distribution depends
on the local shear rate which varies linearly withR. Note that
the rotational dynamics of a slender body in a torsional flow

with a center-of-mass held at a position R is identical to that
in a simple shear flow of rate _γ(R).

The average orientation moments of a rigid rod at r =
(0,R,rz) in torsional flows of various Pe0 are obtained by
performing Brownian dynamics simulations40 rather than
integrating eq 6 directly. The averaging of sampled orienta-
tion moments is performed over 1000 simulation time incre-
ments of 5 _γ0

-1. The number of samples taken within each
increment of time was 104. This level of averaging was
repeated five times using different initial conditions to arrive
at the final averaged value of the moments; the standard
deviations of the results shown in Figure 3 are smaller than
the size of the symbols. Three orientation moments are
displayed: Æpy2æ and Æpxpzæ are used for integration of eq 17
and Æpx2pz2æwill be used in the calculation of stresses. As Pe0
changes, the average orientation moments shift according to
the local value of the P�eclet number, Pe(R) = RPe0/R0.

Figure 4 shows the center-of-mass distributions deter-
mined by numerically integrating eq 17 using Gauss-
Legendre quadrature. The average orientation moments at
each integration point are obtained by interpolating the
numerical results shown in Figure 3. The steady distribu-
tions, when scaled by L/R0 and plotted versus R/R0, are a
function only of Pe0 as shown. The center-of-mass distribu-
tion concentrates more strongly toward the axis as Pe0
increases. As in simple shear flow, Brownian rotation breaks
the symmetry of orientation distribution to give positive
values of Æpxpzæ, which induces migration toward the axis
within the torsional flow as predicted by eq 13.

Amigration toward the axis is found from similar theories
for a flexible polymer,17 though comparisons indicate that
the extent ofmigration for the rigid rod is less than that of the
flexible polymer at similar values of the shear rate. The
reduced migration of the rigid rod is not attributable to the
contributions from ÆΓæ in eq 17. Though this term generates
migration away from the axis since the gradient of Æpy2æ is
negative, the effect of ÆΓæ is too weak to visibly influence the
observed distribution when including ÆK æ. The inset of
Figure 4 shows the distribution obtained by integrating eq
17 with ÆΓæ, but without the inhomogeneous velocity field
term ÆK æ. The result shows that the distribution is a nearly
uniformone as compared to the solutionwhich includes both
ÆΓæ and ÆK æ.

Figure 3. Average orientationmoments of a rigid rod in torsional flows
at three Pe0 as a function of R/R0.

Figure 4. Steady-state center-of-mass distributions of a rigid rod in
torsional flow as a function of R/R0 and Pe0. Inset shows the distribu-
tions when considering only the migration arising from the anisotropic
diffusivity. The distribution function n is normalized such that

R
n dR=

1 and is scaled by L/R0.
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Time Evolution of Distributions. The evolution of the
center-of-mass distribution is obtained from the time-depen-
dent version of eq 4

Dn
Dt

¼ -
1

R

D
DR

ðnRÆ _RæÞ ð22Þ

where Æ _Ræ can be evaluated from eq 16 by assuming that the
orientation distribution equilibrates rapidly compared to the
radial migration of the center-of-mass. Consequently, the
average orientation moments required for Æ _Ræ at each posi-
tion andmoment in time can be obtained by interpolating the
data shown in Figure 3. Solving eq 22 numerically using the
Crank-Nicolson scheme with the boundary condition of no
net flux at R = R0 gives the transient distribution of the
center-of-mass. Starting from an initially uniform distribu-
tion, the distribution in torsional flows with R0 = 100L
develops as shown inFigure 5.A time step of _γ0

-1 and spatial
resolution of 0.1L are sufficiently small to give convergent
numerical results.

As time proceeds, the distribution near the axis rapidly
increases while that far from the axis declines as compared to
the initial value. After a time comparable to 106 _γ0

-1, the
distribution becomes nearly identical to the steady-state
distribution. The time to achieve steady state, ts, can be
approximated as the time for a rod to travel a distanceR0 at a
velocity equivalent to the mean value of the drift velocity,
ÆUDæ. Using the rough estimate of Æpxpzæ ≈ 0.06, as deter-
mined from data in Figure 3, gives a time to steady state of
approximately

ts ∼ 2
10R0

L

� �2

_γ0
-1 ð23Þ

This scaling agrees with the results of simulations for R0 =
100L, which gives ts∼O(106) _γ0

-1, and the effect of changing
Pe0 from 102 to 103 results in a small difference in ts.

Brownian dynamics simulations, performed at Pe0 = 100
as described in the Appendix, are also shown in Figure 5.
Small discrepancies between the simulation and theoretical
results exist near the rotational axis (R0 = 0) at short times,
but the simulation results are in agreement within the error
bars over the vast majority of the radius of the plates and at
long times. This good agreement confirms that the approx-
imation made in obtaining eq 6 and eq 22, as discussed
following eq 6, does not adversely affect the prediction of the
radial distribution of the rods.

Discussion of Boundary Effects. In this study, hydro-
dynamic and steric interactions between rigid rods and the
boundaries are not considered. We discuss the possible
effects of the boundaries and the concentration, which were
also ignored in previous studies for a flexible polymer,15-18

on the results.
Derivation of eq 17 utilizes approximations that the

orientation distribution is not influenced by the boundaries
and is separable from the center-of-mass distribution.
Though the latter approximation was validated using Brow-
nian dynamics simulations as shown in Figure 5, the Brow-
nian dynamics simulations did not consider the steric effects
of the boundaries. Integration of eq 17 to produce Figure 4
excludes regions very near the boundaries. However, near
the edge (R0 - R < 0.5L), n approaches 0 at high Pe0 so
ignoring the boundary atR0 negligibly impacts the predicted
distributions.

The interaction of the rods with the disks at z = 0 and H
can induce depletion layers that extend a distance of L/2 and

higher into the fluid, depending upon the Peclet number.
Excluded volume interactions of the rod with the disks create
depletion layers of approximately one-half of a rod length37,41

at low to moderate values of Pe ∼ O(102). Hydrodynamic
coupling of the rods with the disks at high Pe also drives a
net migration across the gap and results in a larger depletion
layer.28,31 This nonuniform distribution across the gap should
have no effect on the extent of the radial migration. However,
changes to the orientation distribution resulting from the
interactions with the walls of the disks could alter the radial
migration according to eq 13. The hydrodynamic interactions
do not change the orientation significantly, but excluded
volume alters the orientation for those rods located within a
distance ofL/2 of the disk walls. Relatively few rods would be
in this range for H . L, so the effect upon the radial
distribution is presumably minor.

The dilute approximation could likely be inappropriate
near the rotational axis (0 <R<0.5L) where the center-of-
mass distribution is maximum, even for an initially dilute
concentration. The steric interactions between the rods
would generally lower the extent of migration through a
direct exclusion mechanism. The steric and hydrodynamic
interaction would also indirectly alter the orientation dis-
tribution and, hence, the average drift velocity; the effect of
this indirect mechanism is harder to anticipate. Hence,
studies comparing the experimental results and simulations
that include interactions between rods would improve the
prediction of the distribution.

Figure 5. Time-dependent center-of-mass distributions of a rigid rod in
torsional flows of Pe0 = 100 and Pe0 = 400 with R0 = 100L.
Theoretical predictions are indicated by lines and Brownian dynamics
(BD) simulation results are plotted as symbols.
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Stress Calculation

The migration of rods within the torsional flow will influence
measurements of stress when performing rheological character-
ization of these systems within parallel-plate geometries. In this
section, we calculate the steady and time-dependent stress due to
the migration of the rods and compare with the stress measured
when assuming a uniform distribution of the center-of-mass. The
calculation of the particle stress given here utilizes a dilute
approximation; no rod influences the flow or interacts directly
with anyother rod.However, themigration strongly concentrates
particles near the axis, so even an initially dilute suspension may
violate the dilute approximation as time progresses. Still, the
calculation given here serves to demonstrate the large effect that
themigration canpotentially have on themeasurement of particle
stress.

Stresses and viscosities in a parallel plate device are typically
reported in terms of the value of the shear rate at the edge of the
plates, _γ0. The stress at rate _γ0 is

42

σð _γ0Þ ¼ 2σ þ _γ0

Dσ
D _γ0

ð24Þ

where σh is the average of the position dependent stress, σ(x), over
the volume V of fluid between the plates

σ ¼ 1

V

Z
σ dV ð25Þ

The stress σ depends on the local value of the shear rate and
contains contributions from the Newtonian suspending fluid of
viscosity μ and the particles. Averaging as designated in eq 25 and
substituting the result into eq 24 gives the stress as evaluated at
the edge of the plates

σð _γ0Þ ¼ -PIþ 2μEþ σPð _γ0Þ ð26Þ
whereP is the pressure andE is the rate of strain tensor. Here, the
first two contributions in eq 26 are those expected for a New-
tonian fluid. The last term is the contribution of the dilute
suspension of rods to the stress as given by σP( _γ0) = 2σh

P þ
_γ0(∂σh

P/∂ _γ0).
The mean particle contribution, σh

P, requires evaluation of the
stresslet, S, of each particle. Since the stresslet depends on the
configuration of the rods, averaging S over the expected config-
uration in the system of volume V gives the mean particle stress
contribution

σP ¼ nd

ZZ
ΨS dp dV ð27Þ

where nd is the bulk number density of particles in the volume V.
Note that this procedure for calculating the particle contribution
to the stress assumes that each particle contributes to the stress at
the position of its center-of-mass. This assumption of a local
rheology is not strictly accurate; calculating the stress from a
nonlocal theory43,44 would be preferable. However, the approxi-
mation is not severe so long as the flow field varies little over the
length of the rod as is the case forL,R0. The stresslet for a rigid
slender body suspended in a Newtonian fluid is given by9

S ¼ -
Z L=2

-L=2

fðsÞp-1

3
IffðsÞ 3 pg

� �
s ds ð28Þ

Here, f(s) is the line force distribution on a rod and is derived
for torsional flow from eq 2.11 of ref 39 using the flow field

given in eq 9

fðsÞ ¼ 1

L
F þ 12s

L3
½T � pþSp� þ

Ωξ

HL
pz s2 -

L2

12

 !
ðpyx̂-pxŷÞ ð29Þ

whereT is the torque on the rod and the stresslet coefficient is
given by

S ¼ -
ξ

2L

Z L=2

-L=2

sp 3 uðsÞ ds ð30Þ

Performing the integration indicated in eq 28 using eq 29 gives

S ¼ -ðT � pÞp-S pp-
1

3
I

� �
ð31Þ

Note that the same approximations used in solving eq 1 are
also applied in this evaluation of the stress. Hence, orientations
in eq 31 are affected only by the flow and the Brownian torque.
Consequently, the torque T in eq 31 contains contributions
only from Brownian motion.

The Brownian torque in eq 31 is replaced with the gradient of
the potential of mean torque in terms of the thermal energy and
distribution function30

T � p ¼ -kBTðI-ppÞ 3
D lnΨ

Dp
ð32Þ

The stresslet coefficient for a rigid rod in a torsional flow as in
Figure 1 is obtained from eq 9 and eq 30

S ¼ πL3μ _γðRÞ
6 lnð2AÞ pxpz ð33Þ

which is identical to the stresslet coefficient in a simple shear flow
of rate _γ, except the shear rate is position dependent in this case.

Substitution of eq 32 and eq 33 into eq 31 gives the stresslet of a
Brownian rod in a torsional flow. For integrating the stresslet
using eq 27, the distribution function is factorized (Ψ= nψ) and
an average over the orientation distribution is made

σP ¼ nd

Z
ÆSæn dV ¼ 2πHnd

Z
ÆSænR dR ð34Þ

where

ÆSæ ¼ kBTð3Æppæ-IÞþ πμL3 _γ0

6 lnð2AÞ
R

R0
Æpxpzppæ-

1

3
IÆpxpzæ

� �
ð35Þ

which is analogous to the expected stresslet of a dilute system of
slender, Brownian rods in an unbound shear flow of rate _γ =
_γ0R/R0.

45

Extracting the shear stress component xz from eq 34 and
normalizing by ndL

3μ _γ0 gives the particle stress contribution

σP
xz

ndL3μ _γ0

¼ σPS
xz

ndL3μ _γ0

þ σPB
xz

ndL3μ _γ0

ð36Þ

¼ 2π2H

6R0 lnð2AÞ
Z

Æpx2pz2ænR2 dRþ 2π2H

Pe0 lnð2AÞ
Z

ÆpxpzænR dR

ð37Þ
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which is decomposed into the contribution from the shear flow,
σhxz
PS, and the contribution from the Brownian torque, σhxz

PB. Using
orientation moments as interpolated from the numerical results
shown in Figure 3 and integrating eq 27 with n obtained from eq
17 gives the particle stress contribution at steady state, while
integration with the transient distributions gives the time-depen-
dent stresses. Using the results of eq 36 in eq 26 and dividing by
the rate of shear at the edge of the plates gives the apparent
contribution of the particles to the viscosity, μP( _γ0), as a function
of the shear rate

μPð _γ0Þ ¼ 2
σP
xz

_γ0

þ DσP
xz

D _γ0

ð38Þ

Particle Stress at Steady State. Particle stress contribu-
tions σhxz

P are calculated from eq 36 for distributions n that are
spatially uniform and for the inhomogeneous distributions
obtained from eq 17. The apparent particle contribution to
the viscosity, μP( _γ0), is calculated from eq 38 using the
resulting value of σhxz

P . The results are shown as a function
ofPe0 in Figure 6. Shear thinning is apparent for the uniform
distribution at all values ofPe0>1.0. At smallPe0, the shear
thinning results from the reduction of the Brownian con-
tribution to the particle stress. Increasing thePe0 beyond 100

reduces the viscosity further, but primarily due to the shear
component of the stress. The particle contribution to the
viscosity is shownalso for the case of simple shear inFigure 6.
Comparing the viscosities demonstrates that a consistent
difference exists between the values predicted for the uniform
distribution in torsional flow and those predicted for simple
shear due to the nonuniform shear rate in the torsional flow
and despite using the correction given in eq 38.

The apparent shear thinning ismagnified by themigration of
rods toward the rotation axis. As shown in Figure 6, the shear
thinning becomes more obvious as the Pe0 increases since n
becomes more inhomogeneous. For relatively low Pe0, the
migration is not strong enough to significantly enhance the
shear thinning observation. At Pe0 = 103, however, the migra-
tion makes it appear as though the particle viscosity is nearly
one-tenth the value of the particle viscosity for the uniform case.
The discrepancy between the results continues to increase asPe0
increases.

Particle Stress during Transient States. Integrating eq 36
using the transient distributions obtained at each time t in
Figure 5 gives σhxz

P (t), the time evolution of σhxz
P with time. In

Figure 7, the results are plotted in terms of the extent of stress
evolution, which is defined as

XðtÞ ¼ σP
xzðtÞ-σP

xzðtsÞ
σP
xzð0Þ-σP

xzðtsÞ
ð39Þ

where σhxz
P (0) corresponds to the particle stress contribution

obtained from the uniform distribution and σhxz
P (ts) are the

stresses obtained from the inhomogeneous distribution at
steady state. As time proceeds, X(t) decays from 1 and
gradually approaches 0 as the distribution reaches steady
state; as such, X(t) provides a clearer measure of the time to
steady state than comparing the distributions in Figure 5.

Figure 7 shows the effect of Pe0 on X(t). Realizing that
time has been scaled by the shear rate within Figure 7, the
time to achieve an extent X(t) decreases at higher Pe0 at the
same R0 as one would expect. The distributions all reach
steady state by a time of 4 � 106 _γ0

-1, as seen from the small
values ofX(t) and consistent with the estimate given by eq 23.

Figure 8 shows that increasing R0 results in a slower
development of X(t) since the rod must migrate larger
distance to attain a steady distribution. For a so-called
“rheometer-on-a-chip”,46,47 the ratio of disk radius to rod
length could be as small as R0/L = 102, in which case the

Figure 6. Comparisons of shear thinning caused by a rigid rod of A=
10 in torsional flow in terms of (top) the particle stress contributions σhxzP
and (bottom) the apparent particle contribution to the viscosity μP( _γ0)
as a function of Pe0 considering inhomogeneous distributions (open
symbols) and a uniform distribution (closed symbols). The viscosities
for the case of a simple shearing flow are also shown.

Figure 7. Extent of stress evolution X(t) of a rigid rod of A = 10 in
torsional flows of variousPe0 withR0= 100L as a function of time t _γ0.
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system could approach steady state relatively quickly at
sufficiently high Pe0. However, the value of R0/L would be
much larger than 100 in a typical rheological experiment.
Considering nanotubes of length 1.0 μm sheared between
disks having a radius of R0 = 2.0 cm at Pe0 = 102 gives a
ratio of R0/L ∼ 105 and a very large time to steady state of
∼O(1010) _γ0

-1. However, Figure 7 illustrates that even tran-
sient inhomogeneous distributions can give a large reduction
in the stress at relatively short times for larger ratios ofR0/L.

Conclusions

The dynamics and rheology of a Brownian, rigid rod in a
torsional flowwere investigated using kinetic theory. The relation
between migration direction and rod orientation is clarified,
showing that net migration requires breaking of the symmetry
of the orientation distribution about the direction of flow. The
center-of-mass distribution in the radial direction is also pre-
dicted from the equation of motion. Rigid rods are distributed
toward the axis andmore strongly at higherPe0. This distribution
affects the particle stress contribution and results in an enhanced
shear thinning.

The transient distributions and particle stress contributions
show that shear thinning behavior observed in experiments8

performed in torsional flow may be in part explained by the
migration induced by the inhomogeneous velocity field. The
results may seem to imply that rheological characterization of
these systems using parallel plates is a poor choice, but other
geometries commonly used for rheological testing have dis-
advantages as well. The inhomogeneous flow within both the
Couette and cone-and-plate geometries will also induce a migra-
tion of rigid rods having finite Brownian fluctuations, though the
extent of migration and impact upon the measurements requires
investigation. Possible additional problems are introduced by the
interactions of relatively large rods and the apex near the axis
within the cone-and-plate geometry and the shear-induced
migration from the gap to the region below the bob in the
Couette geometry.

Experimental and simulation studies will improve our theo-
retical analysis in the context of the neglected effects, such as
concentration, interactions with boundaries, and flexibility of
particles. These will resolve the quantitative estimation of the
time to achieve the steady state, which was found to be very
large.
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Appendix

A Brownian dynamics algorithm is used to validate the
approximation made within eq 6 and eq 22 by comparing the
distribution calculated froman ensemble of single rod trajectories
as a function of time against the theoretical prediction. The rod
trajectories are calculated by performing a stochastic integration
of the coupled equations for the orientation, eq 21, and center-of-
mass, eq 13. The discretized equations are

RðtþΔtÞ-RðtÞ
Δt

¼ -
L2 _γ0

12R0
pxpz

þL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_γ0

6Pe0Δt

s
ðŷþð

ffiffiffi
2

p
-1ÞpypÞ 3wR ð40Þ

and

pðtþΔtÞ-pðtÞ
Δt

¼ _γ0

R0
Rpzðx̂-pxpÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2 _γ0

Pe0Δt

s
ðI-ppÞ 3wp -

2 _γ0

Pe0
p ð41Þ

The equations satisfy the fluctuation-dissipation theorem when
the vectors wR and wp contain random numbers selected from a
uniform distribution having zero mean and unit variance. Note
that the last term in eq 41 is the divergence of the rotational
diffusivity; this correction to the Euler method is required for an
accurate solution to the stochastic equation as demonstrated by
Cobb and Butler.40 A similar term does not appear in eq 40 since
the divergence of the center-of-mass diffusivity equals zero.

Only the radial position of the rod is considered in order to
make a consistent comparison with the theoretical analysis which
ignores the role played by the solid boundaries. In the event that a
rod passes through the boundary atR0 by an amount ε, the rod is
repositioned at R=R0 - ε; a similar reflection condition is used
at the origin, though in this case the orientationmust also be reset
tomaintain the proper orientationwith respect to the direction of
the flow.

Simulation results are shown in Figure 5 for the case of Pe0 =
100 and R0 = 100L. The mean values shown in the figure
represent the distribution calculated from eight sets of numerical
integrations consisting of 300 particles each; the error bars
represent the standard deviation between the eight sets. The rods
were initially distributed uniformly in the radial direction and
were assigned a random orientation. A time step of Δt = 1.0 �
10-3 _γ0

-1 was sufficient for attaining a convergent result atPe0=
100 as verified by lowering the time step by a factor of 10 and
repeating the simulations.
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